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Abstract. The structure of monoidal categories in which every arrow is invertible is 
analyzed in this paper, where we develop a 3-dimensional Schreier-Grothendieck theory 
of non-abelian factor sets for their classification. In particular, we state and prove pre- 
(J^ 1 cise classification theorems for those monoidal groupoids whose isotropy groups are all 

_ abelian, as well as for their homomorphisms, by means of Leech's cohomology groups of 

monoids. 



1. Introduction and summary. 

This paper deals with monoidal groupoids Q — (0, <g), I, a, I, r), that is, categories Q in 
which all arrows are invertible, enriched with a monoidal structure by a tensor product 
€0 : G x G —> G, a unit object I, and coherent associativity and unit constraints a : ( X <E> 
Y)®Z = X®(Y®Z),l : I<SiX = X, and r : X ®l = X. Our main objective is to state and 
prove precise classification theorems for monoidal groupoids and their homomorphisms. In 
this classification, two monoidal groupoids, say Q and G' , are equivalent whenever they are 
connected by a monoidal equivalence F : G G' , and two monoidal functors F, F' : G — ^ G' 
which arc related by a monoidal natural isomorphism, 5 : F F' , are considered the same. 

The particular case of categorical groups is well known since it was dealt with by Sinh 
in 1975. Recall that a categorical group 25 (also called a Gr-category [33] and a weak 
2-group |T|) is a monoidal groupoid G in which every object X is invertible, in the sense that 
there is another object X* and an isomorphism X<E)X* = I. In [33], she proved that, for any 
group G, any G-module (A, 8 : G —> Aut(A)), and any Eilenberg-Mac Lane cohomology class 
c £ H 3 (G, (A, 6)), there exists a categorical group G, unique up to monoidal equivalence, 
such that G is the group of isomorphism classes of objects of G, A = Autg(I) is the (abelian) 
group of automorphisms in G of the unit object, and the G-action 8 and the cohomology 
class c are canonically deduced from the functoriality of the tensor and the naturality and 
coherence of the constraints of G ■ This fact was historically relevant since it pointed out 
the utility of categorical groups in homotopy theory: as H 3 (G, (A, 6)) = H 3 (BG, (A, 8)) is 
the 3rd cohomology group of the classifying space BG of the group G with local coefficients 
in (A, 8), for any triplet of data (G, (A,8),c) as above, there exists a path-connected CW- 
complex X , unique up to homotopy equivalence, such that iTiX = if i ^ 1,2, ttiX = G, 
TC2X = A (as G-modules), and c G H 3 (G, (A, 8)) is the unique non-trivial Postnikov invariant 
of X. Therefore, categorical groups arise as algebraic homotopy 2-types of path-connected 
spaces. Indeed, strict categorical groups (that is, categorical groups in which all the structure 
constraints are identities) are the same as crossed modules, whose use in homotopy theory 
goes back to Whitehead (1949) (see [5] for the history). 
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However, many illustrative examples such as the category Azr of central separable alge- 
bras over a commutative ring R, or the fundamental groupoid irX of a Stasheff ^4-space 
X (of any topological monoid, for instance), show the ubiquity of monoidal groupoids in 
several branches of mathematics, and therefore the interest of studying these categorical 
structures in their own right. But the situation with monoidal groupoids is more difficult 
than with categorical groups. Let us stress the two main differences between the two sit- 
uations. On one hand, the structure induced by the tensor product on the set of connected 
components of a monoidal groupoid is that of a monoid rather than a group as happens in 
the categorical group case. On the other hand, if Q is a categorical group, then the isotropy 
groups Autg(A), X G ObC?, are all abelian and all isomorphic to Autg(I), while a monoidal 
groupoid may have some isotropy groups that are not isomorphic to Autg;(I), as well as some 
noncommutative isotropy groups. Think of the simple example $in of finite sets and bijective 
functions between them, whose monoidal structure is given by disjoint union construction: 
its monoid of isomorphism classes of objects is N, the additive monoid of natural numbers, 
and its isotropy groups are the symmetric groups 25 n . 

Strongly inspired by Schreier's analysis of group extensions 32 a and its extension to 
fibrations of categories by Grothendieck [20] (but also by works of Sinh [33] , Breen [5] , and 
others), the structure of the monoidal groupoids is analyzed in this paper, where we develop 
a 3-dimensional Schreier-Grothcndicck factor set theory for monoidal groupoids, which in 
fact involves a 2-dimensional one for the monoidal functors between monoidal groupoids, and 
even a 1-dimensional one for the monoidal transformations between them. More precisely, 
our general conclusions on this issue concerning monoidal groupoids can be summed up by 
saying that we give explicit quasi-inverse biequivalences 

A 

MonGpd Zl ab Mnd, 

E 

between the 2-category of monoidal groupoids and the 2-category of what we call Schreier 
systems for monoidal groupoids, or non-abelian 3-cocycles on monoids. That is, systems of 
data 

(M, A, 6, A) 

consisting of a monoid M , a family of groups A = (A a ) a£ M parameterized by the elements 
of the monoid, a family of group homomorphisms 

O = {Ab A ab < — A a ) atbeM , 

and a normalized map 

A : M x M x M — > U aeM A a | X aAc G A abc , 

satisfying various requirements. In the 2-category Z^_ ab Mnd, every equivalence is actually 
an isomorphism, so that our classification results are effective. 

When we focus on the special case (important for the applications) of monoidal abelian 
groupoids, that is, monoidal groupoids Q = (Q, <g>, I, a, I, r) whose isotropy groups Autg(A), 
X G ObQ, are all abelian, then our classification results are stated in a more enjoyable and 
precise way by means of Leech's cohomology theory of monoids |22j . The biequivalences 
above restrict to quasi-inverse biequivalences 



A 

MonAbGpd T^" Z 3 Mnd, 

E 
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between the full 2-subcategory MonAbGpd C MonGpd of monoidal abelian groupoids 
and the full 2-subcategory Z 3 Mnd C Z^_ ab Mnd given by those Schreier systems (M,A, 0, A) 
in which every group A a of A is abelian. But, the pair (A, 0) that occurs in any such Schreier 
system is just a coefficient system for Leech cohomology groups H"(M, (A, 0)) of the monoid 
M, and A £ Z 3 (M, (A, 0)) is a normalized 3-cocycle. From this observation, we achieve the 
classification both of the monoidal abelian groupoids and of the monoidal functors between 
them, by means of the cohomology groups H 3 (M, (A, 0)) and H 2 (M, (A, 0)). Although 
these results are mainly of algebraic interest, we would like to stress their potential interest 
in homotopy theory since, as we observe in the paper, there are natural isomorphisms 
H™(M, (A, 0)) = H n (BM, (A, 0)), between Leech cohomology groups of a monoid M and 
Gabriel-Zisman's cohomology groups of the classifying space BM of the monoid with twisted 
coefficients in (A, 0) [151 Appendix Two]. 

The plan of the paper, briefly, is as follows. After this introductory Section 1, the paper is 
organized in four sections. Section 2 comprises some notations and basic results concerning 
monoidal groupoids and the 2-category that they form, as well as a list of some striking 
examples of them. The main Section 3 includes our ' Schreier- Grothendieck theory' for 
monoidal groupoids. This is quite a long and technical section, but crucial to our conclusions, 
where we describe the 2-category Z^_ ab Mnd of non-abelian 3-cocycles on monoids, and we 
show in detail how this 2-category is biequivalent to the 2-category MonGpd of monoidal 
groupoids. Section 4 focuses on the special case of monoidal abelian groupoids. In the 
first subsection, we briefly review some aspects concerning Leech cohomology of monoids 
H"(M, (A, 0)), and we observe how this cohomology theory is actually a particular case 
of Gabriel- Zisman cohomology theory [18] of the classifying space BM of the monoid M. 
In the second subsection, we include our main classification results concerning monoidal 
abelian groupoids in terms of Leech cohomology groups. And, finally, a third subsection is 
devoted to revisiting the 2-category of categorical groups in order to show how the results 
obtained here imply the classification results already known for them. 



2. Preliminaries: The 2-category of monoidal groupoids. 

This section aims to make this paper as self-contained as possible; hence, at the same time 
as fixing notations and terminology, we also review some necessary aspects and results from 
the background of monoidal categories that will be used throughout the paper. However, 
the material here is quite standard, so the expert reader may skip most of it. 

A monoidal category M. = (Al, ®, 1, a, I, r) consists of a category A4, a functor 

<8> : M x M -> At, {X,Y)^XY 

(the tensor product), a distinguished object I € At (the unit object), and natural isomor- 
phisms 

a x ^ z :(XY)Z^X(YZ), 1 X :IX^X, r x :Xl^X, 

(called the associativity, left unit, and right unit constraints, respectively), such that, for 
all objects X,Y,Z,T of A4, the diagrams below (called the associativity pentagon and the 
triangle for the unit) commute. 

{(XY)Z)T (XY)(ZT) X(Y(ZT)) (Xl)Y X(1Y) 



(I) 



rl 



(X(YZ))T >X((YZ)T) XY 
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Observe that we usually write the structure constraints without object labels, since their 
source and target make it clear what constraint isomorphism it is. A monoidal category is 
called strict when all the constraints clx,y.z, lx, are identity arrows. 

In any monoidal category, for any objects X, Y, the triangles below commute [25l Propo- 
sition 1.1]. 

(XY)l-^X(Yl) (IX)Y-^I(XY) 

XY XY 

If Ai, M! are monoidal categories, then a monoidal functor F — (F, <p) : M —> M' consists 
of a functor F : Ai — > Ai' , a family of natural isomorphisms 

ipx,Y ■ FX FY -=>■ F(XY), 
and an isomorphism ipo : V -=»■ FI, such that the following diagrams commute: 

(FX FY)FZ -^U- F{XY)FZ — F{{XY)Z) 



( 3 ) -'I 



Fa 



FX (FY FZ) — P -^ FX F(YZ) — P -^ F(X(YZ)) 



(4) 



FX I' 



FX 



Fr 



FX Fl 



F(XI), 



I' FX 
V 
FX 



Vol 



Fl 



Fl FX 



F(IX), 



When FI = I' and ipo — lp, the identity, then the monoidal functor F is qualified as 
strictly unitary. When each of the isomorphisms fx,Y, fo is an identity, the monoidal 
functor is called strict. 

F F' 

The composition of monoidal functors Ai — > Ai' — > Ai" will be denoted by juxtaposition, 
that is, F'F : Ai — > Ai" . Recall that its structure constraints are obtained from those of F 
and F' respectively, by the compositions 

F'FX F'FY — F'(FX FY) F'F(XY) , 



I" 



F'l 



IV F ' v ° 



F'F I. 



The composition of monoidal functors is associative and unitary, so that the category 
MonCat of monoidal categories is defined. Actually, this is the underlying category of a 
2-category, also denoted by MonCat, whose 2-arrows are the morphisms of monoidal func- 
tors or monoidal natural transformations. If F, F' : Ai — > Ai' are monoidal functors, then a 
morphism between them is a natural transformation on the underlying functors 6 : F => F' , 
such that, for all objects X,Y of Ai, the following coherence diagrams commute: 



(5) 



FX FY 



FX F'Y 



F(XY) 



■F'{XY) 



V 



fa 



Fl 



F'l 
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In this 2-category, the "vertical composition" of 2-cells, denoted by 





is given by the ordinary vertical composition of natural transformations, that is, the com- 
ponent of 8' o 8 at any object X of A4 is given by the composition in M.' 

(6) {8 1 o S) x = S' x o S x : FX ^ F'X % F"X. 
Similarly, the "horizontal composition" 

F F' F'F 

M U M' W M" i ^ M H-S's M" , 

G G' G'G 

is given by the usual horizontal composition of natural transformations: 

(7) S'S = G'S o S'F = S'G o F'S : F'F => G'G. 

The following known lemma will be useful in the sequel (cf. [Ill Lemma 1.1], for example). 
Let 

MonCat u C MonCat 

denote the 2-subcategory of the 2-category of monoidal categories which is full on 0-cells 
and 2-cells, but whose 1-cells are the strictly unitary monoidal functors. 

Lemma 2.1. The inclusion MonCat u <—} MonCat is a biequivalence. 

Proof. For any two monoidal categories M. and M! , a quasi-inverse to the inclusion functor 
i : MonCat u (M, M') <-> MonCat (M, M'), 

(8) ( ) u : MonCat(M,X') -> MonC&t u (M, M'), 

which should be called the normalization functor, works as follows: For any given monoidal 
functor F = (F, <p) : M. — > M.' , let typ = (i^x)xeObM be the family of isomorphisms in M' 

( l FX : FX -> FX if X=£I 
ibx — \ 

{ ipo 1 : Fl -> V if X = I. 

Then, F can be deformed to a new monoidal functor, F u = (F u , ip u ) : A4 — > M', in a unique 
way such that typ : F ^> F u becomes an isomorphism. Namely, 

{FX if X ^ I f ibYoFfoib- 1 
F U (X -4 Y) = (F U X ^ F U Y), 
i a x = i, 1 ' 1 ' 

Px,Y = V'XY o ¥>X,Y O (tjjxIpYy 1 , = ^1 ° = ll'- 

Furthermore, any morphism S : F =>■ G gives rise to the morphism 

^ = ^0*0^ :F u ^G n , 

which is explicitly given by 

f S x : FX -> GX if X^J 

S u = < 

A 1 tfio °Si oip- 1 = 1 P : I' -> I' if X = I. 
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These mappings F i-> F u , S i-> <5 U , describe the normalization functor (jHJ. 
Since, by construction, ( ) n i = 1, the identity functor, and we have the natural isomor- 
phism 9 : 1 =>• i ( ) u , _F I— > ^f, both functors i and ( ) u are mutually quasi-inverse. □ 

A monoidal functor F : M. — > A4' is called a monoidal equivalence when there exists a 
monoidal functor F' : M' —> M and isomorphisms of monoidal functors 1m ==> F' F and 
FF' ^> 1m'- Two monoidal categories are equivalent if they are connected by a monoidal 
equivalence. From Saavedra [3TJ I, Proposition 4.4.2], we have the following useful result: 

Proposition 2.2. A monoidal functor (F,ip) : M — > M' is a monoidal equivalence if and 
only if the underlying functor F : M — > M! is an equivalence of categories; that is, if and 
only if the functor F is full, faithful, and each object of M! is isomorphic to an object of the 
form FX for some X E M.. 

In this paper, we are mainly going to work with the full 2-subcategory of MonCat 
given by the monoidal groupoids, that is, of monoidal categories whose morphisms are all 
invertible, hereafter denoted by 

MonGpd. 

This 2-category of monoidal groupoids contains as a full 2-subcategory the better-known 
2-category of categorical groups, denoted by 

CatGp, 

whose objects, recall, are those monoidal groupoids in which every object is invertible. The 
inclusion CatGp ^ MonGpd has a right biadjoint 2-functor 

Vic : MonGpd -> CatGp 

that assigns to each monoidal groupoid Q its Picard categorical group [311 2.5.1], 

Pic(G) C g, 

which is defined as the monoidal full subgroupoid of Q given by the invertible objects. 

2.1. Examples. To help motivate the reader, we shall show some classic and striking in- 
stances of monoidal groupoids. The most basic example of a monoidal groupoid is perhaps 
that defined by the category 3m of finite sets and bijective functions between them, whose 
monoidal structure is given by means of the disjoint union construction, which arises in the 
study of categories of representations of the symmetric groups & n (see Joyal [M|)- Indeed, 
3zn is equivalent to the strict monoidal groupoid defined as the disjoint union of the 
symmetric groups & n , n G N. More precisely, & has objects the natural numbers n G N, 
and the hom-sets are given by 

( <& n if m = n 
&{m, n) = < (h . t , 
K ' [ (/) if m f= n . 

Composition is multiplication in the symmetric groups, and the tensor product is given by 
the obvious map © m x ©„ — > © m+n . 

Ring theory is a good source of many interesting monoidal groupoids. For example, fol- 
lowing Frohlich and Wall [17j . let R be any given commutative ring. Then, the monoidal 
category of -R-modules, A4odn, whose monoidal structure is given by the usual tensor prod- 
uct of i?-modules, (M, N) i-> M <E>r N, contains as an interesting monoidal subcategory the 
so-called monoidal groupoid of R-progenerators, usually denoted by 

Qen R , 
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whose objects are the faithful, finitely generated projective i?-modules, and whose mor- 
phisms are the module isomorphisms between them. The invertible objects in QeriR are the 
invertible i?-modules, that is, rank 1 projectives. Therefore, 

Vic(Qen R ) = Vic R , 

is the monoidal groupoid known as the Picard categorical group of R. Similarly, the monoidal 
category of associative i?-algebras with identity, AlgR, whose monoidal structure is given by 
the ordinary tensor product of i?-algebras, (A,B) i-> A® R B, contains a striking instance of 
a monoidal groupoid: the so-called monoidal groupoid of Azumaya R-algebras, denoted by 

Az R , 

whose objects are the central separable i?-algebras and whose morphisms are the i?-algebra 
isomorphisms. Forgetting algebra structure and taking the endomorphism ring define, re- 
spectively, two remarkable monoidal functors: Lin^ : Az R — > Qen R and End# : Qen R — > 
Az R . The Morita monoidal groupoid of R- algebras, 

MAlg R , 

is defined to have objects i?-algebras, and a morphism A — > B is an isomorphism class 
of a Morita equivalence AdodA — > Mods (or, equivalently, an isomorphism class of an 
invertible (left) A <£> R B op -module). An object A of this monoidal groupoid is invertible if 
and only if there is another object B such that A &> R B is Morita equivalent to R. It follows 
that A must be an Azumaya i?-algebra. Conversely, if A is Azumaya, the isomorphism 
A ® R A op = End R (Lin R (A)) shows that, since End/? (Lin^ (A)) is Morita equivalent to R, 
A op provides a quasi-inverse of A. Hence, 

Vic{MAlg R ) = Br R 

is the Brauer categorical group of R, whose objects are the same as those of Az Rl that is, 
the Azumaya i?-algebras, but whose morphisms are here iso-classes of Morita equivalences 
between them. 

Every monoidal groupoid arises from an elemental categorical construction: If B is any 
bicategory [35] . then the monoidal groupoid of endomorphisms of an object b £ £>, denoted 
by 

£nd(b), 

has objects the 1-cells / : b —> b in B and morphisms the invertible 2-cells f => f between 
them. The monoidal structure on £nd(b) is given by the horizontal composition of cells in 
the bicategory. The categorical group of autoequivalences of b is 

Aut{b) = Vic{£nd{b)), 

that is, the monoidal full subgroupoid of equivalences b ^> b in the bicategory. If, for 
example, we take B = Cat, the 2-category of categories, and C is any category, then the 
monoidal groupoid 

£nd(C) 

has objects the functors F : C — > C and the morphisms are the natural equivalences F ^ G. 
The composition in £nd(C) is given by the usual vertical composition of natural transforma- 
tions, while the composition of the functors and the horizontal composition of the natural 
transformations define its (strict) monoidal structure. These monoidal groupoids of end- 
ofunctors are relevant in several frameworks since a pseudo-action of a monoidal category 
M on a category C is the same thing as a monoidal functor A4 — > £nd(C). For instance, a 
Deligne action [15] of a monoid M (say, for example, M = B + (W, S) the Artin-Tits monoid 
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of positive braids defined by a finite Coxeter group W with a set of generators S) on a cat- 
egory C, is just a monoidal functor M — > £nd(C), from the discrete monoidal category that 
M defines to the monoidal groupoid of endofunctors of C. 
The Picard categorical group of a category C is 

Vic{C) = Aut(C), 

that is, the monoidal full subgroupoid of £nd(C) given by the autoequivalences C ^> C. If, 
for example, A is any ring and we take C = A-ModA-, the category of ^4-bimodules, then, by 
Morita's theory, there is a monoidal equivalence 

Aut(AModA) — VicA, 

where VicA is the Picard categorical group of the ring, that is, the categorical group of 
invertible A-bimodules with isomorphisms, whose monoidal structure is given by the usual 
monoidal product of A-bimodules (M,N) i-> M <3a N. The case where C = G a group 
regarded as a category with only one object, is also well-known. The monoidal groupoid 

£nd(G) 

can be described as having objects the group of endomorphisms / : G — > G and morphisms 
u : f =>■ g those elements u G G such that / = C u f, where C u : G — » G is the inner 
automorphism C u (v) = uvu -1 given by conjugation with u. The composition of morphisms 
is multiplication in G, and the (strict) monoidal structure is defined by 

(/ A /') ® (g 4 g>) = (fg^lf>g>). 
The corresponding Picard categorical group of invertible objects 

Aut(G), 

is the categorical group of automorphisms of G. It is the internal groupoid in the category 
of groups whose group of objects is Aut(G), the group of automorphisms of G, and whose 
group of arrows is the holomorph group Hol(G) = G X Aut(G). Thus, Aut{G) is precisely 

the categorical group corresponding to the universal crossed module G — > Aut(G) by the 
well-known Verdier equivalence between the category of Whitehead crossed modules and the 
category of strict categorical groups, see [5] for the history. 

Algebraic Topology is also a natural setting where monoidal groupoids appear with rec- 
ognized interest. Recall that the fundamental groupoid nX , of a space A, is the category 
having X as set of objects, and whose morphisms [cu] : x — > y (x, y G X) are relative end 
points homotopy classes of paths w : [0, 1] — > X with w(0) = x and w(l) = y. The composi- 
tion in txX is induced by the usual concatenation of paths and constant paths provide the 
identities. Any continuous map / : X — >• Y induces a functor /* : -kX — > ttY given by 

u{x^y) = {mm m), 

so that the fundamental groupoid construction, X \— > nX, is a functor from the category 
of topological spaces to the category of groupoids. If /, g : X — >■ Y are two maps, then a 
homotopy a : f =>■ g, a : [0, 1] — > Y x , induces a natural isomorphism a* : /„ =>■ g* defined, 
for any point x 6 X, by 

a*(x) = [a(-)(x)] : f(x) -)■ g(x). 

Moreover, it is easy to see that if two homotopies a, (3 : f g are related by a relative 
end maps homotopy, a ^> f3, then both induce the same natural isomorphism, that is, if 
[a] = [(3] in the track groupoid irY x , then a* = j3* : /* .g* . 
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Suppose now that X = (X,m,e,a,X,p) is any given homotopy-coherent associative H- 
space, that is, a Stasheff ^4-space [34] (any topological monoid, for instance). This means 
that we have a topological space X, which is endowed with a continuous multiplication map 
m : X x X — >• X, a point eel, and homotopies 



X x X xl^llx X 



X 



X x X 



A 



X x X 



X, 



X x X 



■X, 



which are homotopy coherent, in the sense that there are homotopies as below. 



X 4 



X' 



X 4 



X J 



x :] 



1 X rn X 1 ila X 1 
\ 



mxl 



X 2 



x- 



mxl 



lxm 



■X 2 



X' 2 



lxm \ / 1 x rn 

x 2 



Ji-n 



X 



lxm 



JJ-a 



X 2 



X 2 





Since the functor X i— > 7rAT preserves products, the multiplication map XxX-)I induces 
a tensor product 

m* : 7rX x 7rX = it{X x X) — > ttX, 

and the homotopies a, A, and p, induce corresponding associativity, left unit, and right unit 
constraints (which satisfy the pentagon and triangle axioms ([1} thanks to the existence of 
the homotopies ^ above) , we have thus defined the fundamental monoidal groupoid of the 
H -space 

ttX = (ttX, m», e, a*, A*, p*). 
Let us stress that irX is a categorical group whenever X is group-like (for instance if 
X ~ fi(Y,yo) is an Y loop space). 

3. Schreier-Grothendieck theory FOR MONOIDAL GROUPOIDS. 

The Schreier extension theorem [32] gives a cohomological classification of extensions of 
(non-abelian) groups, 1— > A E — G 1, in terms of equivalence classes of the so-called 
Schreier systems for group extensions or non-abelian 1-cocycles on groups. That is, by means 
of systems of data 

(9) {G,A, 9, A), 

consisting of groups G and A, a family of automorphisms = (A A) a( =Q, and a family 
of elements A = {X a ,b £ A) a .beG, satisfying 

Kb ° (o6).Cf) A-J = <**(&*(/)), 1*(/) = /, 

Ct*(Ab lC ) O A 0> 6 C = A aj b O A a b jC , A Qi i = 1 = Ai a , 
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where / is any element of the group A. Any such Schreier system gives rise to a group 
extension 

(10) 1 -> A -s- Y,(G,A,e, A) -> G 1, 

where S(G, A, 6, A) is the group defined by considering on the cartesian product set A x G 
the multiplication (/, a) o (<?,6) = (/ o a*(g) o A a j,,a&), and any group extension can be 
obtained in this way up to isomorphism. Actually, the construction of the group extension 
([TOl) . from each Schreier system ((9]), defines the function on objects of an equivalence of 
categories between the category of Schreier systems for group extensions, whose morphisms 

(p,q,<p):(G,A,e,X)^(G , ,A',e , ,X') 

are triplets consisting of homomorphisms p : G — > G", q : A — > A' , and a family of elements 
tp = ((fa e A') aeGl satisfying: 

(Pa°p(a)*(q(f)) o fa 1 = q(a*(f)), 

q(K,b) ° fab = Pa°P{a)*{(p b ) O A p(a),p(f,)' 

and the category of extensions of groups, whose morphisms are commutative diagrams 

1 — ^ G — s- E — >- H — ^1 

i\ <f>\ \p 
1 — ^ G' — ^ E' — H' — 1. 

Several generalizations to monoid extensions of Schreier theory are known in the litera- 
ture: Redey [2H] , Leech [251 US , Inassaridze [3T] , and so on. To classify fibrations between 
categories, Grothendieck [20] raised Schreier's theorem to a categorical level by means of the 
theory of pseudo-functors, and higher analogue problems were studied, among others, by 
Sinh in [53] , where she performed the categorical group classification; Breen [S] , who treated 
with non-abelian 3-cocycles of groups for the classification of extensions of groups by categor- 
ical groups; Carrasco and Cegarra in [5], where they carried out the classification of central 
extensions of categorical groups; Ulbrich [36], who classified extensions of Picard categories; 
Cegarra and Garzon in |12) , where a classification of torsors over a category under a cate- 
gorical group is done; or Cegarra and Khmaladze [131 HI] ; where the classification of both 
braided and symmetric graded categorical groups is performed, later extended to the fibred 
cases by Calvo, Cegarra and Quang in [7]. We are inspired in all these works to undertake 
a corresponding analysis of monoidal groupoids below, where we achieve a 3-dimensional 
Schreier- Grothendieck factor set theory for the classification of monoidal groupoids, which 
in fact involves a 2-dimensional one for monoidal functors between monoidal groupoids, and 
even a 1-dimensional one for the monoidal transformations between them. 

3.1. Schreier systems for monoidal groupoids. Keeping the Schreier-Grothendieck 
theory in mind, we introduce 3-dimensional Schreier systems for monoidal groupoids, or 
non-abelian 3-cocycles on monoids, which will be shown as appropriate minimal systems of 
"descent datum" to build a survey of all monoidal groupoids up to monoidal equivalences. 

Definition 3.1. A Schreier system (for a monoidal groupoid) S — (M, A, 6, A) consists of 
the following data: 

• a monoid M , 

• a family of groups A = (A a ) aeM , 

• a family of homomorphisms = (A A a b <- — A a ) a .beM , 

• a family of elements A = (\ a ,b,c € A a bc)a.b,ceM ■ 
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These data must satisfy the following seven conditions: 

• For any a, b, c 6 M , h G A a , g 6 Ab, and f G A c . 

(11) Kb,c o (o6)»(/) o A-J )0 = a*(M/)), 

(12) A a , 6 , c o c*(a*(#)) o A~j c = a*(e*(p)), 

(13) \ aAc oc*{b*{h))o\-l c = {bcY{h). 

• For any a, b, c, a! G M, 

(14) a*(Afe )C ,d) O X a ,bc,d ° rf*(A Qi 6 !C ) = X a ,b,cd ° X a b,c,d- 

• For any a, b G M, g G ^4 a , a^rf / S ^4.b> 

(15) fl.(/)o6 , (j) = 6 , (ff)o fl ,(/). 

• For any a G M and f G A a , 

(16) U(/) = /=l*(/). 

• For any a, b G M, 

(17) Ai^f, = A a ,l,6 = X a ,bA = 1- 

Example 3.2. A Schreier system as above with A = 1 ('i.e., such that X a ,b,c = 1 for all 
a, 6, c G is the same thing as a pair of data (M, (A, 0)) consisting of a monoid M 
together with an internal group object (A, 0) G Gp(Mnd \m), in the comma category of 
monoids over M . We refer to Wells |38[ Theorem 6] for details, but briefly let us say that, 
for that identification, one regards (A, 0) as the monoid obtained as the disjoint union of 
the groups A a , a G M, with multiplication given by (f ,a)(g,b) — (a*(/) ob*(g),ab). This 
multiplication is associative thanks to (jlljl . (|12p . and (|13|) . and it is unitary, with (1, 1) its 
unity, owing to (|16[) . The monoid homomorphism U a eMA a — > M is the obvious projection 
(/, a) i y a, and the internal group operation is defined by the map 

U o£ mAj Xm U oeM -A, -> U aeAf A a , ((f,a),(g,a)) i-> (fog, a), 

which is plainly recognized to be a monoid homomorphism thanks to the centralizing condition 

(USD- 

Surjective monoid homomorphisms E — > M endowed with a principal homogenous inter- 
nal (A, Q)-action in MonJ,M fi.e., internal (A, <d)-torsors) are classified by means of Leech 
non-abelian 2-cocycles of M with coefficients in (A, 0). That is, by families X = (A a ,b) of 
elements X a .b G A a {,, one /or each a, b G -M, suc/i £/ia£ 

a*(Afc :C ) ° A aj h c = c*(A ai fc) o X a b,c, Ai, a = 1 = A 0i i, 

for all a,b,c G M; see Leech [22( Section 3] and Wells [381 Theorems 1 and 7] . 

Remark 3.3. Regarding any group as a groupoid with exactly one object, it was observed 
by Grothendieck |20) that a non-abelian 2-cocycle (G, A, 0, A) for a group extension of a 
group G by a group A, as in can be identified as a normal pseudo-functor on G that 
associates the group A to the unique object of A. Similarly, as one identifies any monoid 
with the monoidal discrete category it defines, then a Schreier system (M, A,0,A) for a 
monoidal groupoid, as in Definition ] 3. 11 can be viewed as a group valuated normal monoidal 
pseudo-functor on M, in the sense of Carrasco-Cegarra [8j Definition 1.6], that associates 
the group A a to each object a G M . 

Next we explain how Schreier systems, as in Definition I3.1[ are characteristically associ- 
ated to monoidal groupoids. 
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3.2. Schreier systems associated to monoidal groupoids. For any given monoidal 
groupoid Q = (Q, ®, I, a, I, r), let 

(18) M{Q)= Ohg/^ 

be the monoid of isomorphism classes a = [X] of objects X G G where multiplication is 
induced by the tensor product, that is, [X][Y] = [XY]. 

The construction Q \-* M(Q) turns the category of monoidal groupoids into a fibred 
category over the category of monoids. To determine its fiber over a monoid, we shall 
proceed as Schreier did for extensions of a group. 

We start by choosing a cleavage for Q over M(Q); that is, for each a G M{G), let us 
choose an object X a G a, and for any other X G a, we fix a morphism T = Tx '■ X X a . 
In particular, we take 

^"i = I' = lx a : X a — > X a , 

^ix a = lx a '■ IX a — > X a , ^x a i = Tx a ■ X a l — > X a . 

Then, we have the following family of isotropy groups of the groupoid Q parameterized 
by the elements of M(Q): 

(20) A(S)=(Aut e (X )) oeM(g) . 
We also have the family of group homomorphisms 

(21) 0(G) = (Aut g (X b ) Aut g (X ab ) A Aut g (X a )) a beM(g} , 

which, for any a, b G M, carry automorphisms of G, say / : Xb — > Xf, and g : X a — > X a , to 
the automorphisms a*(_f) : X a b — > X a b and b* (<?) : X a b — » X a b, respectively determined by 
the commutativity of the squares below. 



X a Xb ■ 



1/ 



X a X\y X a X(, ■ 



gi 



(22) 


r 




r 


r 






X 


«»(/) 
ab - V 


ab 


X 


ab " V 



x a x 

r 



Furthermore, for any three elements a, b, c G M (G), there is a unique 

A a ,fc,c G Autg (X a bc) 

making commutative the diagram 



(23) 



(X a Xb)X c 

a 

X a (XbX c ) 



n 



X„hX r 



ir 



X r 



be- 



i,c€M(5) 



X a A"b c - 

Then, letting 

(24) \{G) = (A„,6, c G Aut e (X afc 
we have: 

Proposition 3.4. for any monoidal groupoid G = (G, <8>, I, a, ' , t - ), the associated quadruplet 

(25) A(0) = (M(G),A(G),e(G),X(G)) , 

given by (|18[) . (|20|) . (1211) . and (1241) . is a Schreier system. 
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Proof. In all the diagrams below, those inner regions labelled with (A) commute by the 
naturality of the associativity constraint, those labelled with (B) are commutative because 
the tensor product (£i : Q x Q ^ Q is & functor, and the other commute by the references 
therein. 

For any a,i,c£ M(Q), h £ Autg(X a ), g £ AutgpQ,), and / £ Autg(X c ), the conditions 
in (fTT|) . (fT2]l . and (|13|) . follow, respectively, from the commutativity of the outside regions 
in the following three diagrams in Q: 



X a bc •*■ X a i,X c ■< (X a Xb)X c 9- X a (XbX c ) S- X a Xbc >■ X a bc 



0&)*(/) 



1/ (B) (11)/ (A) 1(1/) 

r ri ij- ' i 

X a bc •*■ X a bX c ■< (X a Xb)X c >- X a (XbX c ) s- X a Xbc *■ X a bc 



UJf) 



a.b.(f) 



X a bc ~* X a bX c -S (X a Xb)X c S~ X a (XbX c ) 9- X a Xbc *~ X a bc 

s*a.(a) JH a]g)l J22j (l|)l (A) l(jl) |g2j lJ( ff ) HI a„e*( ff ) 

ir ^ r 

^afcc X a bX c -S (X a Xb)X c >■ X a (XbX c ) 5- X a Xbc >" X a bc 



X a bc X a bX c -i (X a Xb)X c >■ X a (XbX c ) >■ X a Xbc *~ X a bc 



c*b*{h) 



b'(h)i J22J (fti)i (A) (B) rii 

r ^ n ^ It 

-^abc ■* ^afc-^c (^a^fc)-^c *" X a (XbX c ) >- X a Xbc >" X a , 



(bc)*(h) 



be 
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The 3-cocyclc condition (fT4|) . for any a, b, c, d G M(Q), follows from the commutativity of 
the following diagram: 




■ ^abcd ■ 

1'" 



X a bcd 

A 



XabXcd 

ir / \ n 



(X a bX c )Xd — >■ X a b(X c Xd) (B) {X a Xiy)X c d 5- X a (XbX c d) 

i(ir) 



r(ii)\ /(u)r 
(ri)1 \ W (X a Xb)(X c X d ) {A) 



((X a Xb)X c )Xd 



(X a (XbX c ))Xd 
(ir)i 



(1) 



(A) 



X a (Xb(X c Xd)) 



■ X a ((X b X c )X d )) 
i(ri) 



l^b,c,d 



(X a Xbc)Xd ■ 



- X a (Xb c Xd) 



Since, for any a,b € M(C?), 5 E Antg(X a ), and / 6 Autg(X(,), we have the the commu- 
tative diagram 

«,(/) 



6* (9) 




6* (9) 



<*„(/) 

it follows that the homomorphisms a» and 6* in (|2ip are centralizing, that is, the condition 
in (1151) holds. Moreover, when a = 1 or b = 1, the naturality of the unit constraints gives 
the commutativity of the squares 



ix b ix b 



r=i 



X b 



Xb, 



X a l 
r=i r=r| 

X a - 



91 



XJ 
Jt=t- 



whence 1*(/) = / and = g. That is, the normalization conditions in (| 16[) hold. 

Furthermore, recalling the selections (fTl?)) . it is plain to see that the normalization conditions 
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in ([17]) a are direct consequence of the coherence triangles in (J]) and ([2]). This completes 
the proof. □ 

The Schreier system in (]2"5]l . associated to a monoidal groupoid, depends on the selection 
of the cleavage made for its construction. However, as we shall prove, different choices 
produce equivalent Schreier systems. 

We next explain how each Schreier system gives rise, by the so-called Grothendieck con- 
struction (cf. [51 1.3]), to a monoidal groupoid. 



3.3. The monoidal groupoid denned by a Schreier system. Let S = (M, A, 8, A) be 

any given Schreier system. Then, a monoidal groupoid 

(26) E(5) = (S(5),®,I,a,I,r) 

is defined as follows: an object of E(«S) is an element a £ M. If a ^ b arc different elements 
of the monoid M, then there are no morphisms in E(<S) between them, whereas if a = b, 
then a morphism / : a — > a is an clement / of the group A a , that is, 



E(S)M) 



if a ^b, 
A a if a = b. 



The composition of morphisms is given by the group operation of A a , that is, 

(a — >■ a) o (a — >■ a) = (a ^> a). 
The tensor product (g> : E(<S) x E(<S) — ► E(<S) is defined by 

(aAa)®(b^b)= (ab a *^° b *H ab) , 
which is a functor thanks to the centralizing condition (|15j) . In effect, we have 

(a — > a) (g) (b — > b) = (ab ab) = ab — > ab. 

and, for any g,g' : a —> a and f,f':b—>b, we have 

(gog')®(fof) = a4fof)ob*(gog>) = a* (/) o a* (/') ° &*(<?) ° &*(<?') 
^ o.(/)o6*0,)o a*(f) = (.9®/)° (3'®/')- 

The associativity isomorphisms are 

A ,6,c : (a&)c -> a(6c). 
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These are natural thanks to conditions ([TT]) . (|T2j) . and (|13|) . In effect, for any h : a —> a, 

g : b — > b, and / : c — > c, 

K,b,c°((h®g)®f) 





A 




A 




A 








« 


gj 






o 


IP 






« 








= Ci®(i,(/)oc'(j)))o^ c 
= (h <E> (g <g> /)) o A a ,6, c - 

The pentagon coherence condition in ([1]) just says that, for any a, 6, c, d 6 M, the diagram 



((o6)c)d ■ 
(o(6c))d ■ 



(a&)(cd) 



o(6(cd)) 
a((6c)d) 



must be commutative, which holds because of the 3-cocycle condition (|T4|) . 

The unit object is I = 1, the unit element of the monoid M, and the unit constraints are 
both identities, that is, for any a G M, 

l a = 1 = r a : a -> ft. 

These are natural due to the equalities in (fT6|) . In effect, for any / : a — > a, we have 



i..a»/)-i«/-ucn..-(i) , »/.i./-/. t , 

r.»(;81) = /«l=«.(l)ol'(/) l ilo/ = /=;or,. 

The coherence triangle for the unit in ([T]) commutes owing to the normalization condition 
A„,i, c = 1 in (32). □ 
As we will show, both constructions 5 H > £(<S), as above, and Q h->- A(^), as in (|25l) . 
are suitable for expressing the strong relationship between Schreier systems and monoidal 
groupoids. Previously, we need the notions of morphisms between Schreier systems and their 
deformations, which we establish below. 



3.4. The 2-category of Schreier systems. The Schreier systems introduced in 13.11 (or 
non-abelian 3-cocycles of monoids) are the objects of a 2-category in which all 2-cells are 
invertible, denoted by 

ZLbMnd, 



whose cells and their compositions are defined as follows: 
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3.4.1. Morphisms of Schreier systems. If S = (M, A, 8, A) and S' = (M 1 , A', 9', A') are two 
Schreier systems, then a morphism 

p = (p, <q , f) ■ s -> s' 

consists of the following data: 

• a monoid homomorphism p : M — > M', 

• a family of group homomorphisms q = (A a A', A , 

• a family of elements tp = {tp aJb G A' p(ab) ) a beM , 

satisfying the following three conditions: 

• For any a, b G M, g G A a , and / € Ab, 

, , <A*,6 °p(a)*{qb(f)) o <p~l = q a b(a*{f j), 

(27) 

fa,bOp(b)*(qa(9))°f at b = qab(b*(g))- 

• For any a, b, c G M, 

(28) gab c (A a , 6 , c ) o ^copfc)*^^ = ¥> ,6c °p(a)*(¥>6,c) ° A p( a ), p (6), P (c)- 

• 93 is normalized, that is, 

(29) p M = 1. 

Observe that, taking b = c = 1 in the above equality (|2"8"]l . we deduce that, for any 
a e M, p ,i o <p aA = (p a<1 op(a),(^i,i) = <Pa,i in the group ^ (o) , whence ^ 0> i = 1. 
Similarly, tp± >a = 1. 

3.4.2. Deformations. Let p = (p, q,(^) : 5 — > 5' and p = (p, q, <p) : <S — > S' be morphisms 
between Schreier systems S = (M, A, 9, A) and S' = (M', A', 9', A'). 

If p ^ p are different homomorphisms, then there is no deformation between p and p in 
ZL b Mnd. 

If p = p, then a deformation 

p=(p»q ,¥>) 
5' 45 ^5' 



is a family of elements <5 = (<S Q G Ap( a )) a eM satisfying the following two conditions: 

• For any a G M and / G A a , 

(30) S- 1 oq a (f)o6 a = q a (f). 

• For any a, 6 G M, 

(31) Sab ° <Pa,b = $a.b °p(a)*(S b ) op(b)*(6 a ). 

Observe that, taking a = b = 1 in the above equality (1311) . we deduce that Si = Si o in 
the group A[, whence Si = 1. 
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3.4.3. Vertical composition of deformations. For any Schreier systems S = (M, A, 6, A) and 
S' = (M 1 , A', 9', A'), the vertical composition in the 2-category Z^_ ab Mnd of deformations 

p=(p,q ,<p) 

(32) S — (p^,v)->- S' 



p=(p,n,v>) 

is the deformation 8 o S : p =>• p obtained by pointwise multiplication, that is, 
(33) So6=(5 a o6 a GA' p{a) ) aeM . 
The identity deformation on each morphism p : S — > S' is 

lp = (ie^ ( a)) aeM : ^P- 

Every deformation 6 : p => p' is invertible, with inverse <5 _1 = (S^ 1 G A' p ^) ae M ■ 
Therefore, in this 2-category of Schreier systems, the hom-categories Z^_ ab Mnd(<S, S') arc 
groupoids. 

3.4.4. Horizontal composition of morphisms. For Schreier systems S = (M, A, 6, A), S' = 
(M', A', 6', A'), S" = (M", A", 9", A"), the horizontal composition of two morphisms 

c P=(P>q>¥>) c/ p'=(p'>q'.v') c „ 
o o >■ o 



is the morphism 

(34) p'p = (p'p, q'q, W '):«S^«S", 
where p'p : M — > M" is the composite of p and p', and 

^ = («£(„)<?« 1 A * 4 p'p(a)) a eM" 

W' = (3rf„6)(¥>a,6) ° <(a),p(fc) G ^(«'))«,l£M' 

The identity morphism on a Schreier system S = (M, A, 0, A) is 

(35) 1 s = (1m,1a,1):S->S, 

where 1 M is the identity map on M, 1 A = (1a ) o£M , and 1 = (l e A ab) a beM - 

3.4.5. Horizontal composition of deformations. The horizontal composition of deformations 

p=(j>>q>v) p'=(p'>q',v') 

(36) 5 CT^i^ 5 ' CT^"!^ s ' 

p=(p,q,V) p'=(p'A',<p') 

is the deformation <5'J : p'p =>■ p'p defined by 

(37) - (<Sp (o) o g£ (o) (<f„) e A'^ P (a)) aeM - 
For later use, we prove here the lemma below. 

Lemma 3.5. For any morphism (p, <n,tp) : (M, A, 0, A) -> (M', A', 0', A') m Z^_ ab Mnd, 
i/ie following statements are equivalent: 

(i) (p, <H,ip) is an isomorphism. 

(ii) (p, q , ip) is an equivalence. 

(Hi) The homomorphisms p : M — >■ M' and q a : A a — > -^p(o)' a ^ ^> are a ^ isomor- 
phisms. 



STRUCTURE AND CLASSIFICATION OF MONOIDAL GROUPOIDS 



19 



Proof, (i) => (ii) is obvious. 

(ii) (m). First observe that, for any Schreier system S = (M, A, 0,A), a morphism 
p : S — >• <S with a deformation (5 : p l,s is necessarily of the form p = (1m, q(<5), f° r 
some family S — (5 a G A Q ) oe M, with Ji = 1, where q(<5) = (g(5) a : A a -> A a ) aeM consists of 
the inner automorphisms given by q(5) a {f) = 5~ 1 ° f a 5 a , and = (y>(<5) a ,b G Aib)a,fceM 
consists of the elements obtained by the formula y(<5) a ,6 = o a*(<5b) o 6*((5 a ). 

Then, the existence of a morphism (p' ', q' , tp') : S' S, where S is as above and S' = 
(M r , A', 8', A'), with deformations 5: (p', q', (p')(p, q, <p)=>ls and 5' : (p, q, <£>)(p', q', 'y 5 ') =^ Is') 
implies that p'p = 1m, pp' = 1m', so p is an isomorphism, and also that 

<7p(a)<?a = q(S) a , QaQ^a) = #')p(a)> 

for all a G M. Hence q a and 9p( a ) are both isomorphisms since q(S) a and q(5') p ( a ) are 
automorphisms . 

(Hi) => (i). The inverse (p, q , f^) -1 = (p', q', <p') is given by taking 

P' =P~'> 4 = (V(a'))a'eM" ^ = (^'ft'(V(a'),p'(6')))a', b 'eA/'- 

□ 

3.5. The classifying biequivalence. The following theorem, where it is stated that the 
2-categories of Schreier systems and monoidal groupoids are biequivalent, is the main result 
of this section. 

Theorem 3.6 (Classification of monoidal groupoids). The assignment S h-> E(iS), given by 
the monoidal groupoid construction (|26[) , is the function on objects of a 2- functor 

(38) E : Zl _ ab Mnd J**. MonGpd, 

which establishes a biequivalence between the 2-category of Schreier systems and the 2- 
category of monoidal groupoids. More precisely (cf. [35[ p. 570],), for any two Schreier 
systems S and S' , the functor 

(39) S : Z^ ab Mnd(5, S') ^ MonGpd(E(S), E(5')) 

is an equivalence of groupoids, and for any monoidal groupoid Q , there exists a monoidal 
equivalence 

(40) Jg :E(A(5))— ■ G, 
where A(Q) is the Schreier system (|25[) associated to Q. 

Proof. We have already described E on objects of the 2-category Z^_ ab Mnd; its effect on 
morphisms and deformations is as follows: 

3.5.1. E on morphisms. Let S = (M, A,Q, A), S' = (M' , A', 9', A') be Schreier systems. 
Then, the 2-functor E carries any morphism p = (p, q , (p) : S — > S' to the strictly unitary 
monoidal functor E(p) : E(<S) — > E(«S') given by 

(41) (a 4 a) ^(p(a) q ^p(a)), 
and whose structure isomorphisms are 

(42) ip a:b :p(a)p(b)^p(ab), 

which are well defined since p(a)p(b) — p(ab) and ip a ^ G A' p i ab \ , for any a, b G M. 
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Since the maps q a ' A a — > A' p , a j are homomorphisms, it follows that E(p) is a functor. 
Furthermore, the isomorphisms (|42p are natural since, for any morphisms / : b — >• b and 
g : a — > a in E(5), the squares in S(tS') 



p(a)p(b) ^^p(ab) 



p(a)p(b) ^^p(ab) 



(43) 



P(»).(9b(/)) 



p{a)p{b) ^^p(ab) 



9a6(b*(/)) 



p{a)p{b) ^^p(ab) 



commute owing to condition (f2"T)l . The coherence condition Q for E(p) just says that the 
diagrams 



(p(a)p(&))p(c) P( } {iPa '"l p(ab)p(c) — ' Pab ' c > p((ab)c) 



(44) 



X p(a),p(b),p(c) 



p{a)(p(b)p(c)) P(a) * (yil '°> p(a)p(bc) 



Pa, be 



?abc(A a ,6, c ) 

-p(a(&c)) 



must commute, which follows from (|28|) . Finally, conditions (j4j are both a consequence of 
the normality condition (|29p of y?, that is, of the equalities f a ,i = 1 = fi,b- 

For p' = (p', q', y/) : 5' — > S" another Schreier system morphism, the composite monoidal 
functor £(p')£(p) : S — > S" is given by 

E(p')S(p)(a -4 a) = E(p')(p(a) ^ p(a)) - ( p'p(a) p'p(a) ), 

together with the structure isomorphisms obtained by composing in E(»S") 

p'p(a)p'p(b) lpp(ahpW > p i(p(a)p(b)) qp{ab)(ip J p'p(ab) . 

Hence, taking into account the definition of the composition p'p in (|34p and the definition 
of E, simple comparison shows that E(p')E(p) = E(p'p). Moreover, it is straightforward 
to see that E carries identity morphisms on Schreier systems lg = (1m, 1a, 1), see (|35|) . to 
identity monoidal functors; that is, E(l,s) = ls(5) for any Schreier system S. Therefore, 
E : Z^_ ab Mnd — > MonGpd is indeed a functor. 

3.5.2. £ on deformations. Given Schreier systems S and S' as above, any deformation 

p=(p,n ,<p) 

p=(p,<q,<p) 

is mapped by the 2-functor S to the isomorphism of monoidal functors 

' jj.e(«) £(£') 



S(5) 



simply defined by the family of isomorphisms in E(5') 

(45) E(5) Q = S a : p(a) -> p(o), a £ M, 

which are natural thanks to condition ((30]). Moreover, so defined, E(5) : E(p) => E(p) is 
monoidal, that is, conditions ^ hold, owing to (f3Tj) and the equality 5i = 1 E A[. 
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For any two vertically composable deformations 6 : p =>■ p and 8 : p p, as in (|32|). the 
equality E((5 o 5) = E(<5) o S(<5) is easily verified from ([33]) and ((6]), as well as the equality 
E(l p ) = ls(p); f° r an Y morphism p : S — » 5'. Hence, (159")) is a functor. 

Furthermore, for 

p=(p,«i,<p) p'=(p' ,<n' ,<p') 

P=(P,?L,^) p' = (p',q',^') 

any two horizontally composable deformations as in Q36p. we have the equality H(6'6) = 
E(<5') E(<5), since, for any a G M, 

(£(*') E(<5)) a i S(<5') S (p)(a) o S(pO(S(<5) a ) 

Va) ° <£(»)(*«) = 0™)« = S (<^V 

The above confirms that (f3"5| . £ : Z^_ ab Mnd — > MonGpd, is actually a 2-functor. 

3.5.3. The functor £ in Q39p is /it/Z and faithful. For any two Schreier systems 5= (M, A, 0, A) 
and 5' = (M',A',e',A'), the functor E : Z3_ ab Mnd(S, S') -> MonGpd(E(5), £(£')) is 
plainly recognized to be faithful, due to (|4"5j) . To prove that it is full, let S : E(p) =$> E(p) 
be any isomorphism of monoidal functors, where p = (f>, q , ip) , p = (p, q, </?) : S — > S' are 
morphisms of Schreier systems. Then, for any a £ M, the equality be p(a) = p(a) must 
hold, since 6 a ■ p(a) —¥ p(a) is an isomorphism in the skeletal category £(«S') and, moreover, 
5 a G A'p, a y Any element / G A a defines a morphism / : a — > a in E(«S), and the naturality 
of 5 implies the commutativity of the square in £(<S') 

p(a) g " f > p{a) 



«4 



whence (5" 1 o q a (f) o S a — q a {f)- That is, condition ([5U|) in order for the family 5 — 
[S a G ^(a)) aeM *° ^ e a deformation of Schreier system morphisms from p to p, holds. 
Furthermore, for any a,b G M, the coherence condition ([5]) for <5 : £(p) £(p) gives the 
commutativity of 

fa b 

p(a)p(b) — '—*p(ab) 

p(a).(6 b )°p(b)*(S«)\ \«ai 

p(a)p(b) ^^p(ab), 

whence condition pip follows. Therefore, S = (<5 a )aeAf '■ P =^ p is actually a deformation in 
Z^_ ab Mnd, and clearly E(<5) = 5. 

3.5.4. The functor E in (|39p is essentially surjective. Suppose F — (F, ip) : E(5) — > S(5') is 
any given monoidal functor, where S = (M, A, 0, A) and S' = (M', A', O', A') are Schreier 
systems. By Lemma l2.1[ there is no loss of generality in assuming that F is strictly unitary, 
that is, ipo '■ 1 F(^) is the identity isomorphism. 

If we denote by p : M — > M' the map given by the action of the monoidal functor F on 
objects, that is, p{a) = F(a) for any a G M, then the action of the functor F on morphisms 
can be written, for any a G M and / G A ai in the form 

F{a^a) = (p(a) q ^p(a)) 
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for a map q a ■ A a 

Let q = (q a ■ A a — > y 4.p( a )) aeM denote the family of these group homomorphisms. Since 
we have the structure isomorphism ip a i, : p(a)p(b) — > p(ab) and (po : 1 — > p(l), it must be 
p(a)p(b) = p{ab) and p(l) = 1. Therefore, p is a homomorphism of monoids. 

The so triplet p — (p, q, (p) so obtained, where <p = (<p a .b S ^p( a b)) a beM 7 * s ac t uau y 
a morphism of Schreier systems p : S — > S' and, by construction, E(p) = F. In effect, 
the naturality of the isomorphisms (p a ^ : p(a)p(b) — > p(ab) gives the commutativity of the 
squares (|43[) . whence condition (|27|l holds. Moreover, condition (|28[) follows from the coher- 
ence condition ([3]) which, in this case, simply states that the diagrams (|44[) are commutative. 
The normalization condition (|2T))) , ipi^ = 1, is a consequence of the coherence squares (UJ), 
since F is assumed to be strictly unitary, that is, since (po = 1. 

3.5.5. XTie monoidal equivalence (I40[) . We keep the notations used in Subsection l3.2l to define 
the Schreier system A(C?). The mapping 

(a -4 a) i ^ 

is easily recognized as an equivalence of categories Jg : E(A((?)) Q , which, by Proposi- 
tion 12. 2[ defines a strictly unitary monoidal equivalence when it is endowed with the family 
of isomorphisms ip a ,b = ^x a x b ■ X a Xb — > X a b, a, b e M(Q). Note that their required nat- 



A' p / a \ , which is indeed a group homomorphism since F is a functor. 



urality holds since, for any a,i 6 M(Q), g € Autg(X a ), and / € Autg(Xb) 
commutative diagram 

gf 



we have the 



X a Xb 




a»(f)°b'(g) 

where the commutativity of the region labelled (B) is a consequence of the fact that 
<gi : Q x Q ^ Q is sl functor. The needed coherence conditions ([3]) and (j4|) follow from 
the commutativity of diagrams ([23"]) and the election of the morphisms T's made in (fP5)) . 
respectively. □ 



3.6. The Schreier system construction biequivalence. The above stated biequiva- 
lence between the 2-category of monoidal groupoids and the 2-category of Schreier systems 
(|38|) . E : Z^_ ab Mnd -^>- MonGpd , is injective on objects, morphisms, and deformations. 

Moreover, for any Schreier system S, the equality AE(<S) = S holds. Hence, the assignment 
Q i-> A(«S), given by the Schreier system construction (j2"5")l . is the function on objects of a 
biequivalence, quasi-inverse of E, 

(46) A : MonGpd Z^Mnd, 

which is uniquely determined up to pseudo-natural equivalence by the equality AE = 
1 Z 3 b Mnd an d the existence of a pseudo-natural equivalence 

J :EA =^> lMonGpd, 
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whose component at any monoidal groupoid Q, Jg : £A(C/) =i >- , is the monoidal equiva- 
lence pO]) . For completeness, we shall next show how the pseudo- functor A and the pseudo- 
equivalence J work. 

3.6.1. A on monoidal functors. Suppose F : Q — > Q' is any given monoidal functor between 
monoidal groupoids Q and Q'. Let F u : Q — > Q' be the strictly unitary monoidal funtor 
associated to F by the normalization functor described in (|HJ|, and let (Fx ■ X — > -^o)oeM(g) 
and (T' x , : X' — > X' a ,) a t £ M(g') be the cleavages used for constructing the Schreier systems 
A(£7) and A(C/'), respectively. Then, 

A(F) = (p(F), q(F) , ^(F)) : A(0) -> A(£?') 

is the morphism of Schreier systems where: 

• p = p(F) : M(Q) — > M(Q') is the homomorphism of monoids defined by 

p(a) = [FX a ] = [F u X a ], aeM{G). 

• q = q(F) = (Aatg(X a ) Ant g ,(X' p ^)) agM(g) is the family of group homomor- 
phisms which carry an automorphism / : X a — > X a , for any a e M(Q), to the unique 
automorphism q a (f) '■ x 'p( a ) ~~ ^ X p(a) m @' ma king the square below commutative. 



r' 

A p(a) 



r' 



9a(/) 



V = V(^) = (Va,6 G Aut e /(X' (a . 



p(a6)/a,6eAf(S) 



is the family of automorphisms in Q' 



determined by the commutativity of the diagrams 



F u X a F"X b ■ 
r'r' 



X p(a) X 'p(b) 



F u (X a X b 



f r 



F u X a b 
r' 



i" 



3.6.2. J on monoidal functors. The component of the pseudo-natural equivalence J : EA 
1 at any monoidal functor F : Q —± Q 1 , is the isomorphism 



£A(£) 



SA(F) 



SA(g') 



■Q' 



defined by the isomorphisms of the cleavage in Q' , F' : i*]X" a ^ X', a y a G M(^). 

3.6.3. A on morphisms of monoidal functors. Let F, F : Q —> Q' be monoidal functors as 
above, and suppose 5 : F => F is any morphism between them. Then, 



A(F) 



A(<7) 
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is the deformation A(5) — (A(5) a G Autg> (X^^) a&M rgy consisting of the automorphisms 
in Q' determined by the commutativity of the diagrams below. 

X't \ 

PW 

\ A(«5)„ 
¥ 
Y' 

A p(a) 

Since A : MonGpd -S-*- Z^_ ab Mnd is a biequivalence and, by Lemma 1331 every equiva- 
lence in Z^_ ab Mnd is actually an isomorphism, we have the following theorem as a corollary: 

Theorem 3.7. (i) For any Schreier system (Af, A, 0,A), there is a monoidal groupoid Q 
with an isomorphism A(Q) = (M, A, 0,A). 

(ii) Two monoidal groupoids Q and Q' are equivalent if and only if their associated Schreier 
systems A(Q) and A(Q') are isomorphic. 

4. Classification of monoidal abelian groupoids. 

This section focuses on the special case, important for the applications, of monoidal 
abelian groupoids, that is, monoidal groupoids Q — (Q, (g), I, a, I, r) whose isotropy groups 
Autg(X), X G ObQ, are all abelian. To start, we shall observe that some of the isotropy 
groups of any monoidal groupoid are always abelian: 

Proposition 4.1. (i) If S = (M, A, 0,A) is any Schreier system, then, for any invertible 
element a € M , the group A a is abelian. 

(ii) If Q = (Q, <8>, I, a, I, r) is any monoidal groupoid, then, for any invertible object X G Q, 
the group Autg(X) is abelian. 

Proof, (i) The group A\ is abelian due to conditions (fT5)) and (IT51) : for any f,g £ A\, 

fog = U(f) o l*(g) = l*(g) ol,(/)= ? o /. 

For any invertible element a £ M , the homomorphism a* : A% — > A a is actually an isomor- 
phism, with inverse (a -1 )* : A a — > Ax, since, by ([TTj) . pT|) . and dTSj) . we have 

a*(a~ 1 )» = (aa _1 )» = 1* = 1a±, (a _1 ) >f a* = (a -1 a)* = 1* = lA a - 

Hence, A a is abelian as is A\. 

(ii) Let A(Q) be the Schreier system associated to the monoidal groupoid Q, as in ([251) . 
If X G Q is any invertible object, then a — [X] 6 M(Q) is an invertible element of the 
associated monoid (fT5)l . whence, due to part (i), the group Antg(X a ) is abelian. Since the 
isomorphism r : X — > X a induces a group isomorphism Autg(X) = Aatg(X a ), the result 
follows. □ 

Therefore, for example, every categorical group is a monoidal abelian groupoid. The 
classification of categorical groups was given by Sinh in [33], by means of Eilcnbcrg-Mac 
Lane group cohomology groups H 3 (G, (A, 9)), and our aim here is to give a similar solution 
to the more general problem of classifying the monoidal abelian groupoids, now by means of 
monoid cohomology groups H 3 (M, (A, 9)). To this end, we shall briefly review below some 
basic aspects concerning the cohomology theory of monoids that we are going to use, which 
is a generalization of Eilenberg-Mac Lane's cohomology of groups due to Leech [22] . 



F u X a 
F u X n 



i" 



r" 
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4.1. Leech cohomology of monoids. If C is a small category, then the category of (left) 
C-modules has objects the functors D : C — > Ab from C into abelian groups, with morphisms 
the natural transformations. This is an abelian category with enough injectives and projec- 
tives, and the abelian groups W l (C,D) — Ext£(Z, D), where Z : C — > Ab is the constant 
functor with value Z, are the cohomology groups of the category C with coefficients in the 
C-module A, studied by Roos [30] and Watts [37], among other authors. Cohomology theory 
of small categories is in itself a basis for other cohomology theories, in particular for the 
Leech cohomology theory of monoids, which is defined as follows: 

A monoid M gives rise to a category DM with object set M and arrow set M x M x M, 
with (a, b, c) : b — > abc. Composition is given by 

(d, abc, e)(a, b, c) = (da, b, ce), 

and the identity morphism of any object a is l a = (1, o, 1), where 1 is the unit element 
of M. This construction M n- DM defines a functor D : Mnd — > Cat, which maps a 
monoid homomorphism p : M —> M' to the functor Dp : DM — > DM' given by Dp(a, b, c) = 
(p{a),p(b),p(c)). 

If we say that a DM-module, DM — ► Ab, carries the element a £ M to the abelian group 
A a and carries the morphism (a, b, c) to the group homomorphism a*c* : Aj, — > A a i, c , then 
we see that such a DM-module, hereafter denoted by 

(A, 9) : DM -> Ab, 

is a system of data consisting of two families of abelian groups and homomorphisms, respec- 
tively, 

A = (A a ) aeM , = (A b ^ A ab <— A a ) a . beM 
such that, for any a,b,c £ M, 

(ab)* = a*6» : A c -> A abc , c*a* = a»c* : A b A abc , c*b* = (be)* : A a A abc , 

and, for any a £ M, 1» = lA a = 1* : A a — >• A a . 

Leech cohomology groups H"(M, (A, 9)) [22], of a monoid M with coefficients in a DM- 
module (A, 0), are defined to be those of its associated category DM, that is, 

H n (M, (A, 9)) = H n (DM, (A, 0)). 

For computing these cohomology groups, there is a cochain complex 

(47) C'(M,(A,9)), 

which is defined in degree n > by 

C n (M, (A, 9)) = < A e JJ A ai ... an | A Oll ... )0n = 1 whenever some a. t = 1 
[ (ai,...,a n )£M n 

and C°(M, (A, 9)) = A\. The coboundary operator 

d n : C n (M, (A, 9)) -> C ,l+1 (M, (A, 9)) 

is given, for n = 0, by (9°A) a = a* (A) o a*(A) _1 , while, for n > 0, 

(<9"A) ai ,..., an+1 = 

(ai),( A a 2 ,...,a„ +1 ) O Kla 2 ,...,a n + 1 ° " ' ' ° ^oT^'oiW+i , . . ,a n+ l ° ' " ' ° <+l( A i7^"an )" 

By [H Chapter II, 2.3, 2.9], we have 

H"(M, (A, 9)) = U n (C'(M, (A, 9))). 
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It is useful for our purposes to describe the natural properties of the Leech cohomology 
on the category obtained by the Grothcndicck construction on the functor that associates 
to any monoid M the category of DM-modules and, to any homomorphism p : M — > M' , 
the functor p* that carries any DM'-module, say (A', G'), to the DM-module 

p*(A',Q') = (p*A' )P *e% 

where 

P*A' = (A' p{a) ) aeM , P *e> = (A' p(b) *± A' p{ab) ^r A ' p{a) U eM . 

The resulting category by the Grothendieck construction, which may be heuristically viewed 
as the category obtained by tying the categories of DM-modules together in a some natural 
fashion, is denoted by 

Mod B . 

It has objects pairs (M, (A, 8)), where M is a monoid and (A, 0) is a DAf-module. Mor- 
phisms are pairs 

(p,q):(M,(A,e))^(M',(A',e')) 
consisting of a monoid homomorphism p : M —¥ M' together with a morphism of DM- 
modules q : (A, 6) — > p*{A', 6'), that is, a family of group homomorphisms 

q= {A a A' p(a) ) aeM , 

satisfying, for any o, b € M, 

(48) q a b a* = p(a)* qb ■ A b ->• A' p ^ ab) , 

(49) q ab b* = p(b)* q a -A a ^ A' p(ab) . 

Composition is defined by (p', q')(p, q) = ip'p, q'q), where q'q = (q' p ^q a )aeM ■ 
Any morphism (p, q) : (M, (A, &)) — > (M', (A', &')) as above yields homomorphisms 

H"(M,(A,e)) ^R n (M,p*{A',e')) ^H n (M',(A',Q')) 
induced by the morphisms of cochain complexes 

C"(M, (A, 6)) -^C"(M,p*(A',e')) ^ C'(M',(A',e')), 
which are given on cochains by 

(q*A) CSl! ... ! a„ = q a i— a„(A ai ,...,a n ), (p*A ) ai ,...,o„ = \(ai),...,p{a n )' 

4.1.1. Leech cohomology versus Gabriel- Zisman cohomology. Cohomology theory of small 
categories is also the foundation for the cohomology theory of simplicial sets with twisted 
coefficients, as defined by Gabriel and Zisman in 18, Appendix Two]. Briefly, recall that 
the simplicial category, denoted by A, has objects the ordered sets [n] = {0, . . . , n}, n > 0, 
and its arrows are weakly monotone maps a : [to] — > [n]. If X : A op — > Set is a simplicial 
set, then its category of simplices, denoted by A(X), is the category whose objects are pairs 
(x,m) with x G X m ; an arrow a : (x,m) — » (y,n) is a map a : [to] — > [n] in A such that 
a*y = x, where we write a* : X n — > X m for the map induced by a. A coefficient system on 
A is a A(A)-module, that is, a functor L : A(X) — > Ab, and the cohomology groups of X 
with coefficients in L are, by definition, 

H"(X, L) = W l (A(X),L), n>0. 
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Suppose now M is a monoid. The classifying space of M is the simplicial set BM, whose 
set of n-simplices is 

(BM) n = I a = (a id G M) <i<j<n I = a i,fc, a M = l}) 

which is usually identified with M™ by the bijection a i— > (<Zo,i, . . . , On— i,n)- The induced 
map a* : (BM) n — ¥ (BM) m , for a map a : [m] — > [n] in A, is given by a*(b) = a, where 

There is a canonical functor A(5M) — > DM, given by 

o: (&0,<*(05><*0,m,& ol (m),n) 

(a,m) »-(b,nj >->■ a , m ^ o 0: „. 

Therefore, by composition with it, each DM-module, say (A, 0) : H)M — > Ab, gives a 
coefficient system on BM, also denoted by (A, 0), and Gabriel-Zisman cohomology groups 
of BM with coefficients in the DM-module (A, 0), 

H"(BM, (A, 9)), 

are defined. But note that, by [TSJ Appendix Two, Proposition 4.2], these cohomology 
groups of BM can be computed by the same cochain complex ([47|). C*(M, (A, 0)), used by 
Leech for computing the cohomology groups of the monoid M. Therefore, there is a natural 
identification 

H"(M, (A, 0)) = H" (BM, (A, 0)). 

4.2. The classification theorems. The biequivalence in Theorem l3.6l restricts to a biequiv- 
alence between the full 2-subcategory of the 2-category of monoidal groupoids given by the 
monoidal abelian groupoids, denoted by 

MonAbGpd, 

and the full 2-subcategory of the 2-category of Schreier systems given by those Schreier 
systems (M, A, 0,A) in which every group A a , a G M, is abelian. Hereafter, this latter 
2-category will be called the 2-category of Leech i-cocycles of monoids, and be denoted by 

Z 3 Mnd, 

since its cells have the following cohomological interpretation: 

0- cells. According to Definition 13. H a Schreier system S in Z 3 Mnd precisely is a triplet 
S = (M, (A, 0),A) consisting of a monoid M, a DM-module (A, 0), and a 3-cocycle A £ 
Z 3 (M,(A,0)). 

1- cells. If S = (M, (A, 0), A) and S' = (M', (A', 0'), A') are in Z 3 Mnd, then a morphism 
of Schreier systems (see Subsection I3.4.f|) . p = (p, q,y>) : S — > S', is the same thing 
as a morphism (p, q) : (M, (A, 0)) — > (M',(A', 0')) in Modo, together with a 2-cochain 
<p€ C 2 (M,p*(A',0')) such that q*A = p*X' o d 2 tp. 

2- cells. If p = (p, q.,<p) ■ S — > S' and p = (p, q, 0) : S — > S' are morphisms in Z 3 Mnd, 
then (see Subsection 13. 4.2|) there is no deformation between them unless p = p and q = q. 
In such a case, a deformation S : p => p consists of a f-cochain S € C 1 (M,p*(A' , 0')), such 
that ip — (p o d 1 S. 

Therefore, our first result here comes as a direct consequence of Theorem [ 



Theorem 4.2. The quasi-inverse biequivalences (|38[) and (I46|) restrict to corresponding 
quasi-inverse biequivalences 

A 

(50) MonAbGpd Z 3 Mnd. 
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Closely related to the category Z 3 Mnd is the category of Leech 3-cohomology classes of 
monoids, denoted by 

(51) H 3 Mnd, 

which plays a fundamental role in stating our classification theorem below. Its objects are 
triplets (M, (A, 9), c), where M is a monoid, (A, 6) is a BM-modulc, and c G H 3 (M, (A, 9)) 
is a 3-cohomology class of M with coefficients in (A, 9). An arrow 

(p,q):(M,(A,9),c)^(M',(A',9'),c') 

is a morphism (p, q) : (M, (A, 9)) -> (M', (A', 9')) in -Mod D , such that 

pV) = Mc)eH 3 (M,p*(A',9')). 

Cbscrve that a morphism (p, q) is an isomorphism in H 3 Mnd if and only if p : M — > M' is 
an isomorphism of monoids and q : (A, 9) — > p*(A' , 9') is an isomorphism of DM- modules. 
We have the cohomology class functor 

(52) cl : Z 3 Mnd -> H 3 Mnd, 

(M, (A,9),A)^(M, (A, 9), [A]) 
(p, q , v) i-> (p, q) 

where [A] 6 H 3 (M, (A, 9)) denotes the cohomology class of A G Z 3 (M, (A, 9)). This functor 
clearly carries two isomorphic morphisms of Z 3 Mnd to the same morphism in H 3 Mnd, 
whence composition with the pseudo-functor A above gives a functor 

(53) Cl = cl A : MonAbGpd -> H 3 Mnd, 
that we call the classifying functor because of the theorem below. 

Theorem 4.3 (Classification of monoidal abelian groupoids). (i) For any monoid M, any 
V)M-module (A, 6), and any cohomology class c G H 3 (M, (A, 9)), there is a monoidal 
abelian groupoid Q with an isomorphism Cl(Q) = (M, (A, 9), c). 

(ii) A monoidal functor between monoidal abelian groupoids F : Q — > Q' is an equivalence 
if and only ifCl(F) : Cl(Q) — > Cl(^') is an isomorphism. 

(Hi) For any isomorphism (p, q) : C\(Q) = Cl(^') ; there is a monoidal equivalence F : 
G^g' such that C1(F) = (p, q). 

(iv) Ifg and Q' are monoidal abelian groupoids with C\(Q) = (M, (A, 9),c) and Cl(<?') = 
(M', (A', 9'), c'), then, for any morphism (p, q) : Cl(<7) -> Cl(Q') in H 3 Mnd ; there is a 
(non-natural) bisection 

{[F] :Q^Q'\ C1(F) = (p,q)} = H 2 (M,p*(A', 9')) 

between the set of isomorphism classes of those monoidal functors F : g — ^ g 1 that are 
carried by the classifying functor to (p, q) and the elements of the second cohomology group 
of M with coefficients in the HM-module p*(A', 9'). 

Proof, (i) Given any object (M, (A, 0),c) G H 3 Mnd, let us choose any 3-cocycle A G 
Z 3 (M, (A, 9)) such that [A] = c. Then, letting Q = S(M, A, 9, A), we have 

G\{g) = cl(AS(M, A, 9, A)) = cl(M, (A, 9), A) = (M, (A, 9), c). 

(ii) Since the pseudo-functor A : MonAbGpd — > Z 3 Mnd is a biequivalence, it suffices 
to prove that a morphism in Z 3 Mnd, say 

(p, q, <p) : (M, (A, 9), A) -> (M\ (A', 9'), A'), 
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is an equivalence if and only if the induced 

(p, q) : (M, (A, 6), [A]) (M' , (A', 6'), [A']) 

is an isomorphism in H 3 Mnd, that is, if and only if p : M M' is an isomorphism of 
monoids and q : (A, 9) — > p*(A' , 9') is an isomorphism of BAi-modules. Hence, the result 
follows from Lemma 13.51 

(iv) Suppose A(G) = (M,A,9,A) and A(G') = (M 1 , A', 6', A'), and let (p,q) : Cl(G) ->■ 
Gl(Q') be any given morphism in H 3 Mnd. The equivalence between the hom-groupoids 

MonAbGpd(g, g') ~ Z 3 Mnd(A(5), A(G')), 

induces a bijection, [F] n- [A(F)], 

{[F] : G —> G' \ Cl(F) = (p,q)} £ {[p,q,^] : (M,(A,6),A) -> (M', (A', 9'), A')} 

between the set of iso-classes [F] of those monoidal functors F : G — > G' with C1(F) = (p, q), 
and the set of iso-classes [p, q, tp] of morphisms of the form 

(p, q, : (M, (A, 9), A) -> (M', (A', 9'), A') 

in the 2-category of Leech 3-cocycles. Since p*[A'] = q*[A], both 3-cocycles p*X' and 
q*A represent the same class in the cohomology group H 3 (M,p*(A', 9')). Therefore, a 
2-cochain (p G C 2 (M,p*(A', 9')) such that g»A — p*X' od 2 (p must exist. Hence, (p, q, tp) : 
(M, (A, 9), A) -> (M', (A',9'), A') is a morphism in Z 3 Mnd. Furthermore, observe that 
any other morphism in Z 3 Mnd realizing the same morphism (p, q) of H 3 Mnd is neces- 
sarily written in the form (p, q, (pa o ip) for some ip G Z 2 (M, p*(A', 9')) and, moreover, 
both morphisms (p, q, 990) & n d (p, q, ¥?o V?) are isomorphic if and only if ip = for some 
5 G C 1 (M,p*(A / , 9'))- That is, there is a bijection 

H 2 (M,p*(A', 9')) £ {[p, q, if] : (M, (A, 9), A) -> (Af, (A', 9'), A')} 

given by [y>] >->■ [p, q, <p ° ¥>]• 

(ni) Let (p, q) : Cl(G) = C\(G') be any given isomorphism in H 3 Mnd. By the already 
proved part (iv), there exists a monoidal functor F : G — » G' such that C1(F) = (p, q), 
which, by part (ii) is an equivalence. □ □ 

The functor MonAbGpd -> 7Wod D , (->■ (M(C?), (A(£), 8(<7)), obtained by composing 
the classifying functor flS5J| with the forgetful functor H 3 Mnd -> AWb, (M, (A, 9),c) h> 
(M, (A, 9)), turns the 2-category of monoidal abelian groupoids into a fibred 2-category 
over the category Modg. It follows from the above results that, for any fixed monoid 
M and DM-module (A, 9), the mappings [A] \-> [S(M, A, 9, A)] and G H> [KG)] describe 
mutually inverse bijections between the set H 3 (M , (A, 9)) and the set of equivalence classes 
of monoidal groupoids in the fibre 2-category over (M, (A, 9)). However, this latter set is 
conceptually a little too rigid since the strict requirements M(G) = M and (A(G), 9(5)) = 
(A, 9), for a monoidal abelian groupoid G, are not very natural. We shall show how to relax 
them below. 

Definition 4.4. For any given monoid M and any HM-module (A, 9), we say that a 
monoidal abelian groupoid G is of type (M, (A, 9)) if there are given 

• a monoid isomorphism i : M = M(G), 

• a family of group isomorphisms j = (j x : A a = Aut g (X)) a( _ M Xei(a) , 
such that, 

• if X, Y G i(a) then, for any morphism h : X —>Y in G and any g G A a , 

jv(g) = hojx(g) otr 1 . 
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• if X € i{a) and Y £ i(b), then, for any f £ Ab and g £ A a , 

ixY(a*{f)) = lxJvif), jxY(b*(g)) = 3x{g) l Y- 

If (p, q) : (M, (A, 0)) — > (M', (A',0')) is any morphism in the category Aiodo, and Q 
and Q' are monoidal abelian groupoids of the respective types (M, (A, 0)) and (M f , (A', 0')); 
then a monoidal functor F : Q — > Q' is said to be of type (p, q) whenever 

• if X £ i(a), then FX £ i'(p(a)), and, for any g £ A a , j' FX q a (g) = F(j x (g)). 

Two monoidal abelian groupoids of the same type (M, (A, 0)), say (G, i,j) and (G' , 
are defined to be equivalent if there exists a monoidal equivalence F : Q — » Q' of type (1, 1), 
that is, whenever 

• if X € i(a), then FX £ i'(a), and, for any g £ A a , j' FX (g) = F(j x (g)). 
If we denote by 

MonAbGpd(M, (A, 0)) 

the set of equivalence classes [Q, of those monoidal abelian groupoids (G,i,j) of type 
(M, (A, 0)), then we are ready to summarize our results on the classification of monoidal 
abelian groupoids and their homomorphisms in slightly more classic terms: 

Theorem 4.5. (i) For any monoidal abelian groupoid Q , there exists a monoid M and a 
mi -module (A, 0) such that Q is of type [M, (A, 0)). 

(it) For any monoid M and any H)M -module (A, 0), there is a natural bisection 

(54) MonAbGpd(M, (A, 0)) H 3 (M, (A, 0)) 

given by 

[g,ij] i y c(g) = j- 1 i*([\(g)}), 

where X(G) is the 3-cocycle obtained as in (|24p . and 

R 3 (M(g),(A(G),e>(G))) -Uu n (M,i*(A(G),e>(G))) ^H 3 (M, (A,©)) 
the induced isomorphisms on cohomology groups by the isomorphism 

(<,i):(M, (A,e))s(M(g),(A(a),e(a)) 

in the category M.odn- In the other direction, the bijection is induced by the mapping that 
carries a 3-cocycle A £ Z 3 (Af, (A, 0)) to the monoidal abelian groupoid S(Af, A, 0, A), given 
by the construction (|26l) . 

(iii) If G is of type (M, (A, 0)) and G' is of type (M 1 , (A', 0')), then for every monoidal 
functor F : G -> G' there exists a morphism (p, q) : (M, (A, ©)) -> (M',(A',0')) in the 
category Aiodo, such that F is of type (p, q). 

(iv) If G is of type (M, (A, 0)), G' is of type (M', (A', &')), then, for any morphism 
{p, q) : (M, (A, 0)) — > (M', (A', 0')) in the category Aioda, then there is a monoidal functor 
F : G — > G' of type (p, q) if and only if 

P*(c(G')) = q.(c(5)) G H 3 (M,p*(A',0')). 

In smc/i a case, isomorphism classes of monoidal functors F : G — > G' of type (p, q) are 
in bijection with the elements of the group 

H 2 (A/,p*(A',0')). 
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Proof. All the statements here are a direct consequence of those in Theorem 14.31 after two 
quite obvious observations, namely: (1) A monoidal abelian groupoid Q is of type (M, (A, 9)) 
if and only if there is given an isomorphism 

(i,j) : (M, (A, 9)) S (M(0),(A(S),e(0)) 

in the category Mod n . (2) If (p, q) : (M, (A, 9)) -)■ (M',(A',9')) is a morphism in the 
category A^odn, and 5 and 5' are any monoidal groupoids of respective types (M, (A, 9)) 
and (A/', (A', 9')), then a monoidal functor F : Q — > Q' is of type (p, q) if and only if the 
square below in the category Aiodo commutes. 



(Af,(A,9)) 

(M',(A',e')) 



(i'.j') 



(M(s),(A(g),e(e)) 

(p(f),q(f)) 

(M(^),(A(a'),e(a'))- 



□ 



Remark 4.6. TTie category of monoids is tripleable over the category of sets. In [38[ The- 
orem 8], Wells identified the category Ab(Mnd4-M ) of abelian group objects in the comma 
category of monoids over a monoid M with the category of DM -modules (see Examvle \3.2]) . 
and he proved that with a dimension shift both the Barr-Beck cotriple cohomology theory 
[H [4] and the Leech cohomology theory of monoids are the same. Hence, for any monoid M 
and any HM-module (A, 9), the Duskin [16) and Gleen |19j general interpretation theorem 
for cotriple cohomology classes shows that equivalence classes of ,2-torsors over M under 
(A, 9) are in bijection with elements of the cohomology group H 3 (M, (A, 9)). 

A very similar result follows from the general result by Pirashvili [271 128) and Baues- 
Dreckmann [3] about the classification of track categories. From this result, the elements 
o/H 3 (Af, (A, 9)) are in bijection with equivalence classes of linear track extensions of (the 
category) M by the IDA/ -module (hatural system on M in their terminology) (A, 9). 

Indeed, the three terms '2-torsor over M under (A, 9) 'linear track extension of M by 
(A, 9) and 'strict monoidal abelian groupoid of type (Af, (A, 9))' are plainly recognized 
to be synonymous: simply take into account that an internal groupoid in the category of 
monoids is the same thing as a strict monoidal groupoid, together with Lemmas 2.2 and 2.3 
in [9] (or [101 Theorem 3.3];. 

However, we must stress that while it is relatively harmless to consider monoidal abelian 
groupoids as 'strict', since by the Mac Lane Coherence Theorem for Monoidal Categories 
|26i 125] every monoidal abelian groupoid is equivalent to a strict one, we consider it is 
no so harmless when dealing with their homomorphisms since not every monoidal functor is 
isomorphic to a strict one. Indeed, it is possible to find two strict monoidal abelian groupoids, 
say Q and Q' , that are related by a monoidal equivalence between them but there is no strict 
equivalence either from Q to Q' nor from Q' to Q. For this reason, if to establish the bijection 
(1541) . we want to use only strict monoidal abelian groupoids and strict equivalences between 
them, as we need to do for applying Duskin or Pirashvili classification results, then we must 
define two strict monoidal abelian groupoids Q and Q' as equivalent if there is a zig-zag 
chain of strict equivalences such as Q <— Qi Q n Q' . Although two strict monoidal 

abelian groupoids in the same equivalence class can always be linked by one intervening pair 
of strict equivalences, this phenomenon, we think, unnecessarily obscures the conclusions. 
Moreover, the facts stated in Theorem \4.5{ iv) clearly fail for strict monoidal functors. 
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4.3. Classification of categorical groups revisited. As we recalled above, a categorical 
group is a monoidal groupoid Q in which every object is invertible or, equivalently, such that 
its associated monoid of connected components M(Q) is a group. By Proposition 14. 11 every 
categorical group is abelian, so that 

CatGp C MonAbGpd 

is the full 2-subcategory of the 2-category of monoidal abelian groupoids given by the cate- 
gorical groups. We shall denote by 

Z 3 Mnd Gp C Z 3 Mnd 

the full 2-subcategory of the 2-category of Leech 3-cocycles of monoids whose objects are 
those S — (G, (A, 9), A) in Z 3 Mnd where G is a group. Then, the biequivalences (|50)l in 
Theorem 14.21 restrict to corresponding quasi- inverse biequivalences 

A 

(55) CatGp ^El Z 3 Mnd| Gp . 

s 

But now we shall note that this latter 2-category Z 3 Mon|G P is essentially the same as 
its full 2-subcategory, called the 2-category of Eilenberg-Mac Lane 3-cocycles of groups [11] 
and denoted by 

Z 3 Gp C Z 3 Mon| Gp , 

which is defined by those S = (G, (A, 6), A) as above, but in which the family of groups A 
is constant, that is, where A a — A\ for all a € G, and in the family all automorphisms 
a* ; A\ — > A\, a € G, are identities. Observe that such a S is then described simply as a 
triple S — (G, (A, 6), A), where G is a group, A (= A\) is an abelian group, 9 : G — ► Aut(A) 
is a group homomorphism (9(a) — a*), and A € Z 3 (G, (A, 9)) is an ordinary normalized 
3-cocycle of the group G with coefficients in the G-module (A, 9), that is, the G-module 
defined by the abelian group A with left action (a, f) i-4 a f = 9(a)(f). 

A morphism (p, q, ip) : (G, (A, 9), A) (G', (A 1 , 9'), A') in Z 3 Gp then consists of a group 
homomorphism p : G — > G', a homomorphism of G- modules 

q:(A,9)^ P *(A',9') = (A>,9>p), 

and a normalized 2-cochain ip G G 2 (G, (A', 9'p)) such that g*(A) = p*(A') o d 2 (p. If 

(p, g, p), (p, ?, ^) : (G, (A, 0), A) -> (G', (A', 0'), A') 

are two morphisms in Z 3 Gp, then there is no deformation between them unless p — p and 
q = q, and, in such a case, a deformation 5 : (p, q, (p) => (p, g, consists of a 1-cochain 
5 e C 1 (G, (A 1 , 9'p)), such that ip = (p o d 1 8. 
We have a 2-functor 

( ) x : Z 3 Mon Gp -> Z 3 Gp 

that is given on objects by 

(56) (G,(A,e),A)^(G,(^ 1 ,fl),A), 

where the homomorphism : G — s> Aut(Ai) is defined, by means of the isomorphisms 
A\ a A- A a Ai, a € G, of 8, by the equations 

a*9(a) = a*, 
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while the component at any (a, b, c) £ G x G x G of the 3-cocycle A € Z 3 (G, Ai) is defined, 

(a&c)* 

by means of the isomorphism A\ >■ A abc , by 

(abc)*(\ a ,b,c) = X a ,b,c- 

A morphism (p, q, <p) : (G, (A, 8), A) -» (G', (A'. 9'), A') in Z 3 Mon| Gp is mapped by the 
2- functor ( )i to the morphism 

(57) (p, g ls 0) : (G, (Ax ,9),X) -> (G', K , 0'), A 

where (J5 S G 2 (G, (A' 1? 0'p)) is the 2-cochain whose component at any pair (a, 6) S G x G is 
determined by the isomorphism p(ab)* : A[ — > A' such that 

p(a6)*(^ a! b) = ip a ,b, 

whereas a deformation S : (p, q, 9?) =>■ (p, q, V 7 ) m Z 3 Mon Gp is carried to the deformation 
in Z 3 Gp 

where 5 G G X (G, (A^,0'p)) i s the 1-cochain defined by of the isomorphisms p(a)* : — > 
^p(a)' a G such that 

p(a)*((5 a ) = <5 a . 

All the needed verifications to prove that ( )i is actually a 2-functor are quite straightfor- 
ward. For example, we see that A in (|56[) is certainly a 3-cocycle and that the homomorphism 
qt : (At, 9) -> (A[,p*0') in <j57j) is of G-modules, as follows: 

(abed)* ( a X biCi d o K,bc,d ° A ,6,c) = (bcd)*a*( a X b ^ d ) o (afecd)*(A a , fcCirf ) o d* (abc)*(\ a ,b,c) 

= (bcd)*a*(Xb, c ,d) o \ a ^ d o d*(X a M tC ) 

— a*(Xb : c,d) ° Xa : bc,d ° d* (X a ,b,c) 
= Xa.fr^cd O X a b,c,d 

= (abed)* (X a ,b,cd ° X a b, c ,d), 
whence a X b ,c,d ° X a Mc,d ° X a M,c — X a ,b,cd ° X a b,c,d- 

P(a)*( p{a) qi(f)) = P (aUqi(f)) ^ <la<l*(f) = <ZaK07)) ^ p(a)*(qi( a /)), 
whence qi( Q /) = p(a) <7i(/)- 

Proposition 4.7. TTie 2-functors inclusion and ( )i are mutually quasi-inverse biequiva- 
lences 

( )i 

Z 3 Gp Z 3 Mnd|f ip . 

m 

Proof. We have ( )i in = 1, the identity, while the pseudo-equivalence in ( )i ~ 1 is given, 
at any object (G, (A, 6), A), by the isomorphism (l G ,q, 1) : (G, (Ai,9),X) = (G, (A, 6), A), 

where q = (At A>) aeG . □ 

Therefore, by composing the biequivalences above with those in (|55|) . we get the follow- 
ing (already known, see [TTJ Theorem 3.3]) cohomological description of the 2-category of 
categorical groups: 
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Theorem 4.8. The 2-functors Ai = ( )iA and Si = Sin, 

Ai 

(58) CatGp Z 3 Gp 

Si 

are quasi-inverse biequivalences. 

Let us now denote by H 3 Gp C H 3 Mnd the full subcategory of the category of Leech 3- 
cohomology classes of monoids (jBTj) , given by the Eilenberg-Mac Lane 3-cohomology classes 
of groups. An object in H 3 Gp is then a triple (G, (A, 9), c), where G is a group, (A, 9) is a 
G-module, and c G H 3 (G, An arrow 

(p,q):(G,(A,0), C )^(G',(A',0'),c') 

in H 3 Gp consists of a group homomorphism p : G — > G' and a homomorphism of G-modules 
q : (A,d) -> (A',9'p) such that p*(d) = g*(c) G H 3 (G, (4',0'p)). 
We have the cohomology class functor 

cl : Z 3 Gp H 3 Gp. 

(G,(A,9),X)^(G, (A,6),[\}) 
(p, q, <p) (p, <?) 

This functor cl carries isomorphic morphisms of Z 3 Gp to the same morphism in H 3 Gp 
and is surjective on objects. Moreover, it reflects isomorphisms and is full: if (p, q, ip) : 
(G, (A, 9), A) — » (G', (A\ 9'), A') is any morphism in Z 3 Gp such that the maps p and q are 
invertible, then the morphism of Z 3 Gp 

(p- 1 ,?- 1 ,?* -1 ?. -1 ^ -1 )) = (G',(A',9'),X') -> (G, (A,0),A) 

is an inverse of (p, g, ip). To see that cl is full, let 

(p,3):cl(G, A) -+cl(G',(A',0'),A') 

be any morphism in H^p, then p*[A'] and q*[A] both represent the same class in 
H 3 (G,(A',6>'p)), so there is ip e C 2 (G,(A' ,0'p)) such that g*(A) = p*(A') o d 2 ip. Then, 
(p,q,<p) : (G, (A,0),A) ->• (G' ,(A\ff),X') is a morphism in Z 3 Gp with cl(p, q, <p) = (p,q). 
Furthermore, let us observe that any other realization of (p, q) is of the form (p, q,ip o <fi) 
with (/> G Z 2 (G, (A', #'p)) and, moreover, that there is a deformation (p, q, i/j) (p, q,(p o (ft) 
if and only if = for some <5 G C 1 (G 1 (A',9'p)). 
Hence, the classifying functor 

Cl = cl Ai : CatGp -> H 3 Gp 

has the following properties: 

Theorem 4.9 ([33] Classification of categorical groups), (i) For any group G , any G-module 
(A, 9), and any cohomology class c G H 3 (G, (A, 6)), there is a categorical group Q with an 
isomorphism Cl(G) = (G, (A,9),c). 

(ii) A monoidal functor between categorical groups F : Q — s> Q' is an equivalence if and 
only if the induced Cl(F) : C1(C?) — > Cl(G') is an isomorphism. 

(Hi) IfG andQ' are categorical groups, then, for any isomorphism (p,q) : C\(G) = Cl(G'), 
there is a monoidal equivalence F : G G' such that Cl(-F) = (p, q). 

(iv) IfG and Q> are categorical groups with C1(G) = (G(A 9),c) and Cl(G') = (G', (A 1 , 9'),c'), 
then, for any morphism (p,q) ■ Cl(G) — > Cl(G') in H 3 Gp, there is a (non-natural) bijection 

{[F] : Q -> & | C1(F) = (p,q)} - H 2 (G, (A 1 , 9'p)), 
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between the set of isomorphism classes of those monoidal functors F : Q — > Q' that are carried 
by the classifying functor to (p, q) and the second cohomology group of G with coefficients 
in the G-module (A 1 ,9'p). 
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